
RT and r T, s t e a d y - s t a t e  and the t r ans i en t  t h e r m a l  r e s i s t a n c e  of the t r a n s i t o r  in the plane of power  gen e ra -  
tion; R T p  and r T p ,  s t e a d y - s t a t e  and the t r ans i en t  t h e r m a l  r e s i s t a n c e  of the PTC t h e r m i s t o r ;  yp ,  t r a n s f e r  
function of the PTC t h e r m i s t o r  with r e s p e c t  to t empe ra tu r e ;  UC and u C, dc and the ins tantaneous co l lec tor  
voltage in the t r a n s i s t o r  c i rcui t ;  Uin and uin,  dc and the ins tantaneous input vol tage to the t r a n s i s t o r  s tage;  
Ic0,  de co l l ec to r  c u r r e n t  in the t r a n s i s t o r  co r respond ing  to ~ (x, t) <_ |  i c ,  ins tantaneous co l l ec to r  c u r -  
rent ;  i b,  ins tantaneous  base  cur ren t ;  R p  and r p ,  s t e a d y - s t a t e  and the ins tantaneous e l ec t r i ca l  r e s i s t a n c e  of 
the PTC t h e r m i s t o r ;  y,  R0, Rd, p a r a m e t e r s  of the r e s i s t a n c e - t e m p e r a t u r e  c h a r a c t e r i s t i c  of the PTC t h e r m i s -  
tor ;  pp ,  e l ec t r i c a l  r e s i s t i v i t y  of the PTC t h e r m i s t o r ;  a p ,  c r o s s - s e c t i o n a l  a r e a  of the PTC t h e r m i s t o r ;  l p ,  
th ickness  of the PTC t h e r m i s t o r  in the x di rect ion;  and fl, a,  k, c, b 1, b 2, coeff ic ients .  
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C A L C U L A T I O N  O F  A T R A N S I E N T  I N  A 

N E T W O R K  W I T H  A T H E R M I S T O R  

I .  M.  T r u s h i n  a n d  V. I .  A n t o n o v  

TWO-POLE 

UDC 536.63:621.316.825.621.3.011.1 

An analy t ica l  e x p r e s s i o n  is  de r ived  which d e s c r i b e s  the va r i a t ion  of the t h e r m i s t o r  t e m p e r a -  
tu re  dur ing a r e l a y - e f f e c t  t r ans i en t  p r o c e s s  following an ins tantaneous change in the supply 
vol tage in an R -  RT two-pole  network.  

T h e r m i s t o r s ,  a widely known c l a s s  of semiconduc to r  devices ,  can be success fu l ly  used in var ious  r e l ay  
and pulse  devices  ut i l izing the e l e c t r o t h e r m a l  r e l ay  effect.  This effect  takes  place when a dc voltage is ap-  
pl ied to the input of two-pole  network containing a t h e r m i s t o r  and a l inea r  r e s i s t o r  [1-5] .  

The t r a n s i e n t  p r o c e s s  in such a network will be  desc r ibed  by  the wel l -known di f ferent ia l  equation [1] 

Cv dTT__ = EZR| exp (B/T)  __ H (T - -  Ta). (1) 
dt [R| exp (B/T)  + R ]  z 

This equat ion can be  eas i ly  reduced  to quad ra tu re s  by sepa ra t ion  of va r i ab l e s ,  but the resul t ing  e x p r e s -  
sion in t e r m s  of e l e m e n t a r y  function is  not in tegrable .  F o r  this r eason ,  s e v e r a l  methods of s implifying the 
fundamental  equation (1) have been developed so as  to yield a solution. These  include l inear iza t ion  of the dif- 
fe ren t ia l  equat ion (1),  a s suming  sma l l  deviat ions of t h e r m a l  and e l ec t r i c a l  p a r a m e t e r s  in the network,  the 
method of p i e c e w i s e - l i n e a r  approx imat ion  [3 ], r e p l a c e m e n t  of the t h e r m i s t o r  with an equivalent  two-pole 
ne twork  [4], g raph ica l  in tegra t ion  [5], etc.  However ,  these  methods  e i the r  a r e  appl icable to only a na r ro w  
t e m p e r a t u r e  range  or  r equ i re  spec ia l  g raph  plott ing without being un ive r sa l  and convenient.  

In this study, based  on a se t  of a s sumpt ions  about the c h a r a c t e r i s t i c s  of e l e c t r o t h e r m a l  p r o c e s s e s  in a 
t h e r m i s t o r ,  an a t tempt  will be  made  to s impl i fy  Eq. (1) and to solve i t  in an analyt ical  form.  

F o r  the cons t ruc t ion  of a workable  phys ica l  model  desc r ib ing  the p r o c e s s e s  of charge  t r a n s f e r  in a 
t h e r m i s t o r ,  we will ut i l ize the fact  that  the c u r r e n t - v o l t a g e  c h a r a c t e r i s t i c  of a t h e r m i s t o r  has a typical ,  for  
it, r ange  of negat ive  r e s i s t ance .  The phys ica l  p r o c e s s e s  occu r r ing  in semiconduc tor  devices  with such a 
c h a r a c t e r i s t i c  a r e  convenient ly de sc r ibed  with the aid of models  which ut i l ize concepts  per ta in ing  to a so -  
ca l led  hot gas  of cha rge  c a r r i e r s  [6 I. 

Le t  us examine  the p r o c e s s  of c u r r e n t  flow in a t h e r m i s t o r  on the ba s i s  of these  concepts .  After  a vol-  
tage has been applied to the input of a four -po le  network containing a t h e r m i s t o r  and a l inear  r e s i s t o r ,  the 

T rans l a t ed  f r o m  Inzhene rno-F iz i chesk i i  Zhurnai ,  Vol. 38, No. 3, pp. 465-472, March,  1980. Original  
a r t i c l e  submit ted  Sep tember  18, 1979. 
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e lec t r i c  field i m p a r t s  to cha rge  c a r r i e r s  in the t h e r m i s t o r  additional kinet ic  energy.  The kinetic energy  ac-  
qu i red  by cha rges  in a unit volume during a unit of t ime  is  [6 ] 

PTK= ne 2/3.E~ -}- n~. k (Te- -TL)  -- PLK + Pek" (2) 
Te T e 

The potent ial  ene rgy  which the e l ec t r i c  field i m p a r t s  to the t h e r m i s t o r  at  the f i r s t  instant  of t ime  is  con- 
ve r t ed  pa r t l y  to Jou le -e f f ec t  heat  and pa r t l y  to "heat ing" the gas  of cha rge  c a r r i e r s ,  viz. ,  

Pc ~ nPo -~- (1 - -  n) P0 =Pee  + PLo- (3) 

There fo re ,  the total  ene rgy  acqui red  by  the t h e r m i s t o r  pe r  unit t ime is 

= PTK + Pc = Pc0 -}- PeK+ PLO + PLK (4) 
.o . 

Substituting this expressxon for  the f i r s t  t e r m  on the r ight -hand side of Eq. (1) yields  

Cv dAT = Pe0 + PeK+ PL.0 -}- PLK - -  HAT. (5) 
dt 

We will now exp re s s  PeK and P L K  through the t e m p e r a t u r e  drops  (ATe) in the "gas  of charge  c a r -  
r i e r s - e r y s t a l  Ia t t ice"  s y s t e m  and (ATL)  in the " c r y s t a l  l a t t i c e - a m b i e n t  medium" sys t em,  respec t ive ly .  

F o r  the "gas  of  cha rge  c a r r i e r s - c r y s t a l  la t t ice"  s y s t e m  re la t ion  (2) yie lds  d i rec t ly  

PeK(AT~) = N,ATe. (6) 

For establishing the PLK(ATL) relation we consider that the temperature of the crystal lattice is re- 

lated to the thermistor conductance according to the well-known expression 

YT-- 1 exp(--B/T).  (7) 
R ~  

Expanding this function into a Tay lo r  s e r i e s  in the v ic in i ty  of the ini t ial  t e m p e r a t u r e  and re ta ining only 
the f i r s t  two t e r m s  of this expansion,  we have 

AY, = YT - -  Y0 ------- ~TYoAT L �9 (8) 

Cons ider ing  that the c u r r e n t  in the c i rcu i t  containing a t h e r m i s t o r  and a l inear  r e s i s t o r  is 

E Y ,  (9) 
tL-- 

and a s suming  that  YTII << 1, we r ewr i t e  express ion  (9) on the ba s i s  of re la t ion  (8) as 

T h e r e f o r e  

(lo) 

= - -  RNzATL " (11) pLy(ATE) EN2ATL 2 2  

Noting that  AT = ATe + ATL and using the re la t ions  (3), (6),  (11), we r ewr i t e  Eq. (5) as a s y s t e m  of 
th ree  equations 

Cv dAT~ = nPo + (N, - -  H) ATe; 
dt 

Cv dATL = (1 - -  n) Pc--  RN~AT~ + (EN2 --  H) AT L ; (12) 
dt 

AT = ATe + ATL 

The solution to these differential equations for the given initial conditions ( ATe0 = ATL0 = 0 at t = 0) is 

AT L = V  ( N 2 E - - H ) 2 + 4 R ( I - - n ) P o N ~  t h [ ]  / ( N 2 E - - H ) 2 + 4 R ( 1 - - n ) P o N  2 - t _  
2RN~ e 2Cv 

N~E - - H  ] N...E - -  H 
- -  Arth]/" (N2E - -  H) 2 + 4/?-'(1 - -  n) PoXg -}- 2RNg 

Arc- nPo (N,--H) t). H--N  ( 1--exp ] 

(13) 

(14) 
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Fig. 1. Transient  p roces s  in the R - R T  net-  
work (grade MT-57 the rmis to r )  af ter  appl ica-  
tion of the supply voltage: (a) theoret ical  
curve  based  on relat ions (13) and (14) ; (b) 
exper imental  curve;  T (~ t (sec) .  

The curve  in Fig. 1 depicts the t rans ient  p rocess  AT(t)  = AT e + ATL, plotted according to relat ions 
(13) and (14). The trend of this t rans ient  curve  can, evidently, be cha rac te r i zed  by the slope angle at the 
beginning, inflections at points a and fl, and a horizontal  asymptote  at t - -  ~o 

In addition to the known network p a r a m e t e r s  (P0, H, C v, R, E) ,  there also appear  in Eqs. (13) and (14) 
the quantities n, NI, and N 2 with not yet  de termined values, We will se lec t  the values of pa rame te r s  n, N ,  
and N 2 so as to make the r ight-hand side of Eq. (1) equal to the sum of the r ight-hand sides of the differen- 
tial equations in sys tem (12) at cer ta in  cha rac te r i s t i c  points. Fo r  this purpose,  we must  f i r s t  analyze the 
graph of the function which cor responds  to Eq. (1) (Fig. 2). 

On this graph we note four cha rac t e r i s t i c  points: A, B, C, D. The coordinates  of point A are  A(0, P0). 
Since AT >_ 0 and ATL-> 0, hence obviously the condition AT 0 = ATe0 + ATL0 yields ATe0 = 0 and ATL0 = 0. 
Insert ing these values into the sys tem of equations (12), we obtain 

Cv dATL~ ~ Cv dATeo _ n P o + ( l _ n ) P o = P o .  (15) 
dt dt 

In this way, the select ion of the initial conditions here  ensures  that at point A the r ight-hand side of 
Eq. (1) is equal to the sum of the r ight-hand sides of Eqs. (12). 

Point  D in Fig.  2 co r responds  to the rmal  steady state in the t he rmi s to r  at  t ~ r Under these con- 
ditions d A T / d t  = 0. At t - - : o  fu r thermore ,  d A T e / d t  = 0 and d A T L / d t  = 0, inasmuch as Eqs. (13) and (14) 
have here  hor izontal  asymptotes .  Consequently, at point D there must  be satisfied the conditions 

- -  nPo = (Nt - -  H) AT e max; 
(16) 

- -  (1 - -n)  Po = (EN2 - -  H) AT L m a x  - -  RN~_AT~ . . . .  

Considering that ATma x = A T e m a x  + A T L m a x ,  we find n f rom sys tem (16): 

n -- Po 2RN~ ' 2RN~ RN~ 

In o rde r  to ensure  that the r ight-hand side of Eq. (1) is equal to the sum of the r ight-hand sides of Eqs. 
(12) at points B and C, it is n e c e s s a r y  to differentiate Eq. (1) with r e spec t  to t ime and let d2AT/dt 2 = 0, in- 
asmuch as these points cor respond  to the inflection points a and fl in Fig. 1. As a result ,  since dAT/dt  > 0 
over  the ent ire  t empera tu re  range (0, ATmax) ,  

x (x - -  V) In 2x 
y 

(x -i- V) 3 

with x, y, and 3, denoting the respect ive  ra t ios  
HBR. R 

x =  ' , - %  y -  ; v - -  
R| E 2 R~ 

The family of functions which cor respond  to express ion  (18) with various values of y is shown in Fig. 
3. Here points L ( L ' ,  L") and Q correspond,  respect ively ,  to the beginning and the end of the t ransient  p ro-  

cess  (s t ra ight- l ine  segment  Q -  L). 

(18)  
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Fig. 2. Power  C v ( d / A T / d t  ) �9 10 -4 (W) expended on changing the 
heat content in a the rmis to r  (grade MT-57) as a function of the 
instantaneous t empera tu re  drop AT (~ according to Eq. (1). 

Fig. 3. Graph for the solution of Eq. (18); x, y, 3/ are  dimension- 
less  quantities.  

An analysis  of these graphs indicates three possible solutions to Eq. (18): 

1) Eq. (18) has two roots (points M and N on curve 3/ = 3/0, which means that the t ransient  curve (Fig. 
1) has two inflection points; 

2) Eq. (18) has one root  (point K on curve 3/ = 3/2), which means that the two inflection points on the 
t ransient  curve merge  into one; 

3) Eq. (18) has no roots  (curve 3/ = 3/3), which means that the t ransient  p rocess  evolves without inflec- 
tion points. 

We are  in teres ted  in the f i r s t  case  only, because here  the t ransient  curve has two inflection points and, 
therefore ,  the re lay  effect can occur.  

Noteworthy is the possibi l i ty that, depending on the selection of the point where the t ransient  p rocess  
begins (L' or  L", for example) ,  the t empera tu re  T O at the beginning of the t ransient  p rocess  can exceed t h e .  
t empera tu re  at one inflection point (point N) or  both tempera tures  at the two inflection points (M and N). 
This means that the t ransient  p rocess  will evolve with ei ther  one o r  no inflection point, Even in this case,  
however,  it can be tentatively regarded  as a re lay-e f fec t  p rocess ,  but as one which begins above point a or  
/3. Consequently, the subsequent analysis  applies to this case too. 

It is possible to determine f rom Eq. (18) both A T c r  B and ATerC and f rom Eq. (1) both d A T c r B / d t  and 
dATcr  C / d t  at these respect ive  points.  Accord ing to the  stated object of these calculations,  it is neces sa ry  to en -  
sure  that the r ight -hand side of Eq. (1) will be equal to the sum of the r ight-hand side of Eqs.  (12) at points 
B and C. This requ i rement  will be satisfied when at these points 

Cv dZATe~r -- Cv d2ATe' cr+ Cv dZATL' cr _ 0. (19) 
dr2 dt z dt z 

Differentiating the equations in sys tem (12) with respec t  to time yields 

Cv d2ATe' c_r = Cv (N~ - -  H ) dATe. c r  
dt 2 dt 

Cv d2ATL-" cr = Cv (EN2 - -  H - -  2RN~) dATL' er ,  (20) 
dtz dt 

dATcr dATe, cr , dATL cr 
dt dt dt 

With the aid of condition (19) we finally obtain 

(Ni - -H)[(N, - -H)ATe,  er~-nPo]=[2RN~(ATcr - -  ATe at), - - E N 2 @ H ] [  C~ dATerdt (NI- -H)  ATe' er--nP0 l . (21) 

Here ATe,or  is a root  of the quadratic equation 
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Cv - - -  dATcr 2 2 dt = (N~ -- H) ATe, cr + (ENz -- H)(ATcr - -  ATe, or) - -  (ATcr - -  aTe, or) RN2 + Pc. (22) 

Since Eq. (21) mus t  be  sa t i s f ied  at  the two points B ( A T e r  B, d A T c r B / d t  ) and C ( A T e r c ,  d & T c r c / d t ) ,  
hence upon inse r t ion  of the i r  coord ina tes  into this equation the l a t t e r  will b e  spl i t  into two equations,  which 
toge ther  with exp re s s ion  (17) f o r m  a s y s t e m  of th ree  equations with th ree  unknowns n, Nt, and N2: 

H - - N ~  (ATmax EN2~Ni  + / ( E N 2 - - N t ) 2 P o + ( N , - - H ) A T r a a x )  
n =- Po 2RN~ 2RN~ RN 20 ' (23) 

(N,--H)[(N,--H)ATeerB+nPoI=I2RN~(ATcrB "A%.erB)--ENo+H][ Cv dATer8 (N,--H) ATe.crB--nPo] 

= N2 [ (N'--  H) ATe,erc--nP~ (Nt - -  H) [(N~ - -  H) ATe,erC~- nPo] [2R 2 (ATerc - -  ATe,ere) - -  EN2 + HI Cv dATerC 
dt 

where  A T e , e r B  and A T e , c r C  a re  found f r o m  Eq. (22). 

Having d e t e r m i n e d  n, N i, and N 2 f r o m  this sys t em,  we obviously obtain an analyt ical  function T (t) for  
exp re s s ions  (13) and (14) which approx ima te ly  d e s c r i b e s  a r e l a y - e f f e c t  t r ans ien t  p r o c e s s  in a network with a 
t h e r m i s t o r  and a lso  ens u re s  that  Eq. (1) will be  ident ical  to the s y s t e m  of  Eqs.  (12) at  point A where  the 
t r ans i en t  p r o c e s s  begins ,  a t  the inflection points B and C, and at  point D where  the t r ans ien t  p r o c e s s  ends. 
F o r  e s t ima t ing  the a c c u r a c y  of this approx imat ion  we can use  the expres s ion  [7 ] 

~.~ 8_~_ (exp(M.lt--toD- 1). (24) [ AT (t) -- ATe (t) - -  AT L (t)l M 

We mus t  note that  the p roposed  phys ica l  model  of e l e c t r o t h e r m a l  p r o c e s s e s  occur r ing  in a t h e r m i s t o r  
is a tenta t ive  one and has  been  used  by these authors  only within the f r a m e w o r k  of the specif ic  fo rmula ted  
p rob lem.  Es t imat ing  how c lose  this model  co r r e sponds  to the r ea l  p r o c e s s e s  of t r a n s f e r  of e lec t r i c  cha rges  
in a t h e r m i s t o r  is  difficult ,  because  the na ture  of e l ec t r i ca l  conductivi ty of  3-d oxides (including t h e r m i s t o r s )  
has  to this t ime not ye t  been  thoroughly enough explored  [8 ]. 

The p roposed  method of calculat ing a t r ans i en t  in a ne twork containing a t h e r m i s t o r  and a l inear  r e -  
s i s t o r  a f t e r  appl icat ion of vol tage E has been checked on a network containing a g rade  MT-57 t h e r m i s t o r  
(R~o = 0.1865 ~2, B = 3148~ H = 7 . 1 0  -s  W/deg C, Cv -- 1.6- 10 -s  W" sec/deg C, Ta = 21~ and a l inear  r e -  
s i s t o r  (R = 190.9 f~) under  a supply vol tage E = 2.86 V. 

A curve  depicting the t r ans ien t  p r o c e s s  was plot ted on the bas i s  of calculat ions (curve  a in Fig. 1). F o r  
c o m p a r i s o n  of these  theore t i ca l  r e su l t s  with expe r imen ta l  data,  on the s a m e  d i a g r a m  is shown cu rve  b de-  
pict ing the t r ans ien t  p r o c e s s  accord ing  to o sc iUograms .  The re  appea r s  to be  a c lose  quali tat ive and quant i ta-  
t ive a g r e e m e n t  between cu rves  a and b. This con f i rms  the app rop r i a t enes s  of using the p roposed  method for  
such impor tan t  p r ac t i ca l  p r o b l e m s  as design of t h e r m i s t o r  delay l ines and t ime  re lays .  The method can a lso  
be  found useful  fo r  ana lys i s  of t r ans ien t  p r o c e s s e s  in networks  containing a l inear  capaci tance  or  inductance, 
a l so  in o ther  ne tworks .  

N O T A T I O N  

E, supply vol tage applied to the two-pole  network , V; R, l inea r  r e s i s t a n c e  in this network,  ~2; R T, 
t h e r m i s t o r  r e s i s t a n c e  a t  t e m p e r a t u r e  T, ~;  Roe, s ta t ic  r e s i s t a n c e  of the t h e r m i s t o r  at  t -~ oo, ~2; RT,c r ,  
t h e r m i s t o r  r e s i s t a n c e  at  an inflection point, ~; B, act ivat ion t e m p e r a t u r e  fo r  charge  c a r r i e r s ,  ~ Ta, ambi -  
ent  t e m p e r a t u r e ,  ~ PT,  power  genera ted  in the t h e r m i s t o r ,  W; PTK, kinetic ene rgy  acqui red  by charges  in 
a unit volume during a unit t ime,  W; n e, concentra t ion  of cha rge  c a r r i e r s  in the t h e r m i s t o r ;  E d, dr i f t  energy  
of cha rge  c a r r i e r s ,  J; k = 1.38" 10 -2~ J /~ Bo l t zmann ' s  constant;  ~'e, energy  re laxa t ion  t ime ,  sec;  PeK,  
kinet ic  ene rgy  acqui red  by the gas  of cha rge  c a r r i e r s  p e r  unit t ime,  W; PLK, kinetic energy  acqui red  by the 
c r y s t a l  la t t ice  p e r  unit  t ime,  W; P0, power  d i s s ipa ted  in the t h e r m i s t o r  at  the f i r s t  instant  of t ime,  W; Pc0, 
potent ia l  ene rgy  expended on heating the gas  of cha rge  c a r r i e r s  at the f i r s t  ins tant  of t ime,  W; PL0, potential  
ene rgy  expended on genera t ing  Jou le -e f fec t  heat  at  the f i r s t  ins tant  of t ime,  W; n = Pe0/P0, a propor t iona l i ty  
fac tor ;  AT, t e m p e r a t u r e  drop  f r o m  t h e r m i s t o r  to ambient  medium,  ~ ATe,  t e m p e r a t u r e  drop f r o m  gas  of 
cha rge  c a r r i e r s  to clsrs tal  la t t ice ,  ~ ATL,  t e m p e r a t u r e  drop  f r o m  c r y s t a l  la t t ice  to ambient  medium,  ~ 
YT, t h e r m i s t o r  conductance at  t e m p e r a t u r e  T, mho; Y0, ini t ial  t h e r m i s t o r  conductance,  mho~ fiT, t e m p e r a t u r e  
coeff ic ient  of t h e r m i s t o r  r e s i s t a n c e  at  t e m p e r a t u r e  TO, l /K ;  IL, c u r r e n t  in the network which genera tes  
Jou le -e f f ec t  heat,  A; I 0, ini t ial  c u r r e n t  in the network which gene ra t e s  Jou le -e f fec t  heat  at  the f i r s t  instant  of  
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t ime ,  A; Nj, a p ropor t iona l i ty  fac tor ,  W/~ C; N 2, a p ropor t iona l i ty  factor ,  A/~ ATe ,max ,  m a x i m u m  t e m p e r a -  
ture  drop f r o m  gas  of charge  c a r r i e r s  to c r y s t a l  la t t ice ,  ~ ATL, max,  m a x i m u m  t e m p e r a t u r e  drop  f r o m  
c r y s t a l  la t t ice  to ambien t  medium,  ~ ATmax,  m a x i m u m  t e m p e r a t u r e  drop f r o m  t h e r m i s t o r  to ambien t  
medium,  ~ A T c r B  and ATcrC ,  t e m p e r a t u r e  drops  cor responding  to points B and C, r espec t ive ly ,  ~ 
d A T c r B / d t  and d A T c r c / d t ,  n u m e r i c a l  va lues  of the der iva t ive  at points B and C, r espec t ive ly ,  ~ 5, 
a constant  [7]; M, Lipschitz  constant;  t, t ime,  sec;  H, d iss ipa t ion  coeff icient  of the t h e r m i s t o r ,  W/~ and 
Cv, vo lumet r i c  heat  capaci ty  of the t h e r m i s t o r ,  W. sec /~  

1~ 
2. 

3. 

4. 

5. 
6. 

7. 
8. 
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E F F E C T  O F  T H E  G E O M E T R Y  O F  T H E  M O V I N G  

W A L L  ON T H E  S T R U C T U R E  O F  T H E  F L O W  IN 

C O N F I N E D  F L O W  I N  A S L I T  G A P  

A.  A.  V o l k o v  a n d  L.  V. P o l u y a n o v  UDC 532.516 

An analyt ical  solution of the p r o b l e m  is  p r e sen t ed  with an e s t ima te  of the effect  of the wavy 
osci l la t ing wall  on the flow c h a r a c t e r i s t i c s  of a v iscous  liquid in a s l i t  gap. 

When analyzing the hea t -  and m a s s - e x c h a n g e  c h a r a c t e r i s t i c s  between a flow of liquid and a solid s u r -  
face  one m u s t  b e a r  in mind that the g e o m e t r y  of the channel walls  has  a cons iderable  influence on the s t r u c -  
tu re  of the flow. Exper imen ta l  methods a r e  widely used to solve this p r o b l e m  because  of the ma themat i ca l  
diff icult ies .  In [1] an e s t ima te  is made of the effect  of the rn ic rogeomet ry  of the su r face  on the s t ruc tu re  of 
the flow based  on a solution of the p r o b l e m  of Couette flow with a fixed wavy wall. 

We will cons ider  the m o r e  gene ra l  nons ta t ionary  case  when the wavy wall  p e r f o r m s  harmonic  osc i l l a -  
t ions,  the flow is confined, and the gap between the walls  h is fa i r ly  smal l  c o m p a r e d  with the c h a r a c t e r i s t i c  
length of the channel. The Reynolds num ber  is a s sumed  to be ve ry  much less  than 1. 

The law of motion of  the lower  wall  and the equations of  the upper  and lower  walls  can be wri t ten  in the 
f o r m  

xt = x0 + a sin cot; 

Yl (x, t) = esin k (x - -  a sin cot); 

Yu = h = const, 

where  a and ~ a r e  the ampl i tudes  of osci l la t ion of the wall  and the wavy surface ;  k, wave number ;  and ~, 

(1) 

A. I. Mikoyan Kuibyshev Engineer ing Building Insti tute.  Trans la ted  f r o m  Inzhenerno-F iz ichesk i i  
Zhurnal ,  Vol. 38, No. 3, pp. 473-479, March,  1980. Original  a r t i c le  submit ted  July 3, 1979. 
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